The paper is devoted to the extension of the near-wall domain decomposition, earlier developed in some previous works by the authors, to modeling flat-plate boundary layers undergoing laminar-to-turbulent bypass transition. The steady-state wall boundary layers at high-intensity free-stream turbulence are studied on the basis of differential turbulence models with the use of non-overlapping domain decomposition. In the approach the nearwall resolution is replaced by the interface boundary conditions of Robin type. In contrast to the previous studies, the main attention is paid to the laminar-turbulent transitional regime. With the use of modified turbulence models we study an effect of free-stream parameters on the development of dynamic processes in the boundary layer including a transitional regime and fully developed turbulent flow. In addition, for the first time a full scale domain decomposition is realized via iterations between the inner and outer subregions until a convergence. The computational profiles of the velocity and intensity of the turbulence kinetic energy are compared with experimental data. A possible range of location of the near-wall interface boundary is found.
Introduction
The problem of mathematical modeling of near-wall turbulent flows is very complicated due to the existence of a thin viscous sublayer by the wall, in which the molecular diffusion dominates above the turbulent. The small sublayer thickness leads to high gradients of the characteristics of a flow. The calculation of heat transfer in this near-wall zone requires an adequate numerical resolution. As a result, in many practical applications a very fine mesh is needed. this leads to a considerable increase of the computational time used. In this case near-wall damping functions are often involved in the governing equations assigned to so called low-Reynolds-number models (LR). The equations of the LR models are applicable in the entire region up to the wall.
Next, we consider the main approaches to resolve this problem. In the first class of methods, the viscous sublayer is not resolved and the boundary conditions are set outside. Such boundary conditions are of Dirichlet type and called the wall functions. They are used to obtain the main characteristics of the flow on the basis of so called high-Reynolds-number models (HR).
The wall functions for the velocity and temperature are often based on the log-law [1, 2] and have limited applications. As noted in [1, 3] , the pressure gradient distribution along a surface and the wall boundary condition for the normal velocity should be taken into account in the wall functions. The pressure gradient is taken into account in the analytical and numerical wall functions [4, 5] . In these approaches a local solution is obtained in a subgrid area in the nearest to the wall cell. The pressure is assumed to be constant across the sublayer [6] . In contrast to the conventional wall functions the information on the flow in the near-wall subgrid area is used in the numerical approximation of the governing equations. The analytical wall functions [4] are based on the assumption of a piece-wise linear viscosity profile. The numerical wall functions [5] are free from this assumption and, therefore, more universal although more time consuming. The location of the first mesh node, at which the boundary conditions are set, also has a strong influence on the accuracy of the solution. In turn, the scalable wall functions [7] allow one to reduce this effect.
In the second class of approaches the boundary conditions are transferred from the wall to some intermediate surface in a near-wall region. they are represented in the differential form as Robin-type boundary conditions. Such interface boundary conditions can be interpreted as generalized wall-functions [8] . In this case both the HR and LR differential turbulence models can be used. The application of the interface boundary conditions to LR models leads to a domain decomposition [9, 10] . It is based on transferring the boundary conditions from the wall to an interface boundary. In contrast to the conventional LR models, the algorithm allows one to avoid computationally expensive calculations related to the near-wall region while retaining a sufficiently high accuracy. As shown in [8, 9] , the boundary conditions formulated at the interface boundary are uniformly applicable for a wide range of the input parameters. They are also suitable for very different locations of the interface boundary. In comparison with composite models such as [11, 12] , the developed domain decomposition approach is based on the use of the same model in the inner and outer domains. As a result, in particular, it guarantees a smooth composite solution across the interface. It is worth noting that mesh distributions on both sides of the interface point can be independent from each other. Despite the use of the interface boundary conditions looks attractable and resulted in a reasonably good prediction [8, 10] , this approach has never been used for modeling flows with laminar-turbulent transition that makes the flow structure very complicated.
If the amplitudes of disturbances are small enough, the transition to turbulence is developed from a number of stages with the rise of Tollmein-Schlichting waves. For a free stream with a higher turbulence intensity large amplitude disturbances diffuse directly into the boundary layer bypassing these stages the with appearance of waves [13] .
At a higher turbulence intensity Tu / > 1%, the transition to turbulence in a boundary layer is accompanied with increasing low frequency strip longitudinal structures [14] . Here, Tu 1 ¼ 10
, including free stream parameters: the velocity V 1 and the kinetic turbulence energy K 1 . If the intensity is still moderate Tu / < 5%, then these structures have a predominant form of disturbances in the boundary layer. For large disturbances with Tu / near 10%, the turbulent bursts appear that can be described by statistical models [15, 16] .
According to experimental data and theoretical studies, the turbulent intensity level has a more significant effect on a laminar-turbulent transition than the level of scale L / [17] . In [18] [19] [20] the modification of existing one-and two-parametric turbulence models takes into account the effect of intensity and the scale of free stream turbulence as well as the combined action of the turbulence intensity on the heat transfer and near-wall turbulence characteristics. This approach is based on the analysis of experimental data [21, 22] . It allows numerical modeling transition and fully developed turbulent regimes in the boundary layer for near-wall flows with high-intensity turbulence.
In the current paper, for the first time the interface boundary conditions, developed in [8, 9, 23, 10, 24] for fully developed turbulent boundary layers, are extended to laminar-to-turbulent bypass transition regimes. On the basis of modified turbulence models the effect of high-intensity free-stream turbulence on the development of dynamic processes in laminarturbulent transition is studied in application to the steady-state boundary layer. In addition, for the first time a full domain decomposition is realized via iterations between the inner and outer subregions.
The paper is organized as follows. In Section 2 the standard formulation of the boundary value problem for the boundary layer equations for compressible gas is given. The governing equations are closed via the use of the K-e model modified to simulate a laminar-turbulent transition nearby the wall and formulated in Section 3. The interface boundary conditions are considered in Section 4 in which they are modified to be suitable for a laminar-turbulent transition. The used numerical procedure is described in Section 5. The applicability of the interface boundary conditions in a wide range of Reynolds numbers is analyzed in Section 6 via comparison against experimental and computational data.
Mean-flow equations
In the coordinate system n, f associated with the surface of a body, the system of equations for the averaged characteristics of a two-dimensional boundary layer in a compressible gas flow can be represented in the following form:
System (2.1) is written under standard assumptions of the boundary layer theory; u and v are the streamwise and normal mean velocity components in the coordinate system n, f directed along the surface and its normal, respectively; p is the static pressure; q, the density; T, the temperature; h, the enthalpy; c p , the specific heat at constant pressure; R, the gas constant; l and k are the viscosity and thermal conductivity coefficients; the subscripts e, w, and t refer to the quantities at the outer boundary layer edge, at the wall and in the turbulent regime, respectively, and the prime denotes a fluctuating quantity. In Eq. (2.1) it is assumed that the terms containing the fluctuations of gas dynamics functions, viscosity, and thermal conductivity are much smaller than the terms containing the appropriate average values. The static pressure p is a function of n only.
The boundary conditions are set on the surface and at the outer boundary layer edge: The distributions of the streamwise velocity component u e (n) and the enthalpy h e (n) are assumed to be known from the solution of the gas dynamic equations.
The inlet conditions for the velocity u and enthalpy h profiles along the streamwise coordinate are specified in a certain region, for example at n = n 0 uðn 0 ; fÞ ¼ u 0 ðfÞ; hðn 0 ; fÞ ¼ h 0 ðfÞ; ð2:4Þ
where u 0 , h 0 are their initial profiles, respectively.
Turbulence modeling
In the developed turbulent flow regime the averaged time-dependent boundary layer equations can be closed by using the turbulence models based on the turbulent viscosity concept and the Kolmogorov-Prandtl hypothesis [25] .
The use of the turbulent viscosity and thermal conductivity coefficients, along with the Boussinesq hypothesis on a gradient-transport-mechanism for the turbulent stress, and the form of the Fourier law for the turbulent heat flux makes it possible to represent the total friction stress s and the total heat flux q in the form [25] :
Here, l l is the laminar viscosity, l t is the turbulence viscosity, l R and k R are effective coefficients. The introduction of the laminar and turbulent Prandtl numbers Pr = l l c p /k and Pr t = l t c p /kt in (3.1) allows one to express k/c p and k t /c p in terms of the ratios l l /Pr and l t /Pr t .
In order to close the system of equations (1.1), the two-parameter K-e-models are used, for which the free-stream turbulence parameters are determined by the turbulence level (intensity) Tu 1 (%) and scale L 1 (or the energy dissipation rate e 1 ), where the kinetic turbulence energy K 1 (K = 0.5hu
For the two-dimensional boundary layer the equations for the kinetic turbulence energy K and the isotropic part of the turbulence dissipation rate e = e k À D in the coordinate system n, f can be represented in the form [26] : 
Here, l R,k and l R,e are the total (effective) viscosity coefficients; r k and r e are the Prandtl numbers for K and e; the terms P K and P e explicitly describe the production processes in the equations for K and the dissipation rate e; D e is the dissipative term in the equation for e; the terms D and E represent the viscosity effect on the dissipation in the near-wall and low-Reynolds-number regions in the equations for K and e, the near-wall damping functions f 2 and f 4 model this effect in the terms of D e and E: The turbulent viscosity coefficient m t is determined from the second Prandtl-Kolmogorov formula with the damping func-
ð3:4Þ
For the one-parameter model [27] only one equation (3.2) is used but the turbulent viscosity is defined from the first Prandtl-Kolmogorov formula
instead of solving equation (3.3), the dissipation rate is determined from the relation
The turbulence scale L is determined from the Prandtl mixing-length model [27] by function
Here, d is the boundary layer thickness, b ⁄ = 0.1, k = 0.41, the constants of this model are assumed as follows
In the version of the model [28] f l is a function of the coordinate f + and c Ã 3 [18, 27] 
The function c Ã 3 is related with the viscous sublayer thickness g Ã specified in the form of dependence on the local number Re h and the two parameters A 0 0 , B 0 0 , which are determined in the general case by the parameters of the free-stream and its turbulence in [18] . The empirical dependence of A 0 0 on Tu 1 , obtained for experimental data [29] and transformed in [18] for high-intensity turbulence, is introduced (B 0 0 = const). The use of function c Ã 3 ðg Ã Þ in the damping multiplier (3.6) makes it possible to simulate the variation of the viscous sublayer thickness (in dynamic variables) in the transition region (if
Z ¼ 10 þ 3:58ðA À 3:95Þ; A 6 3:95; Z ¼ 10; A P 3:95:
At the surface Dirichlet boundary conditions are set:
At the outer boundary layer edge, the functions K e (n) and e e (n) can be determined for a given profile u e (n) outside the neighborhood of the leading stagnation point from the equations In these equations the initial conditions for the functions K e and e e on n are given by
where K e00 , e e00 are their initial values, respectively.
Then, the following conditions must be satisfied at the outer edge:
f ! 1; K ! K e ðnÞ; e ! e e ðnÞ:
The solutions in the downstream region depend on the choice of the initial conditions with respect to n. The initial distributions K(n 0 , f) and e(n 0 , f) can be prescribed in different ways depending on the problem considered.
The turbulent thermal conductivity k t is based on the analogy between the processes of heat and momentum transfer, which requires introducing the turbulent Prandtl number Pr t = l t c p /k t . For a near-wall region the turbulent Prandtl number Pr t can be represented by a function which, along with the damping multiplier for l t , contains a multiplier of the thermal conductivity coefficient k t similar to the second Prandtl-Kolmogorov formula.
Near-wall interface boundary conditions
In a near-wall region of the boundary layer, each governing equation can be represented in the form, in which the viscosity term is on the left-hand side. Then, the right-hand side contains the convective terms and pressure gradient denoted by R u :
Upon integration of the equation (4.1) from the wall to a variable point along the coordinate f, the following relation is obtained sðfÞ À sð0Þ ¼ IðfÞ:
ð4:2Þ
Here, for the integral on right-hand side R u the following notation is introduced IðfÞ ¼ R f 0 R u df. After the second integration of equation (4.1) from 0 to f ⁄ and excluding s(0) by using (4.2), the near-wall interface conditions of Robin type can be set as follows [8, 9, 23] :
The coefficients F 1 , b in (4.3) are defined by [23] :
Here, star '' ⁄ '' corresponds to an appropriate function at point f ⁄ .
In the calculation of the integral F 1 , the effective viscosity coefficient l P = l l + l t is represented by l l (1 + l t /l l ). Then, introducing the Reynolds number A = l t /l l (if the turbulent viscosity is defined by either the Prandtl-Kolmogorov formula or the Prandtl formula as given below), the relation under the integral symbol is presented by
The turbulent viscosity can be considered via the Prandtl formula (or another formula given by (3.4), (3.5)). For f + > 30 in a near-wall region the molecular viscosity l l can be excluded from the input parameters, and from the dimension analysis one can obtain the evaluation of the derivative of the longitudinal component velocity with respect to normal coordinate f [30] :
Then, the Prandtl formula reads: 
Integral F II 1 is determined by the turbulent viscosity (4.5) in the logarithmic region:
Hence, the coefficient f 1 taking into account (4.6) and (4.7) can be represented in the following form: If we approximate the turbulent viscosity obtained by a piece-wise linear function of f in the near-wall region as in [8] , then the evaluation of F 1 : If we apply a LR model with a more accurate approximation for the turbulent coefficient l t in the Reynolds number A = l t /l l for the calculation of coefficient F 1 , then the buffer zone of the boundary layer can be taken into account.
In particular, the following approximation for the turbulent coefficient profile can be used [31, 32] :
Here, the dimensionless viscous sublayer thickness f þ v is suggested to be equal to 19j or 7.8 that equitably corresponds to a fully turbulent regime at high Reynolds numbers.
If in the calculation of F 1 for Eq. (4.10) the variable value of the viscous sublayer thickness is taken into account in the transition region similar to [18] , then, instead of constant d ¼ 1=19, it is necessary to include function d Ã ðg Ã Þ into Eq. (4.10):
For the evaluation of coefficient b it is assumed that in a near-wall region the convective terms in the longitudinal momentum equation can be neglected. In the right-hand side of Eq. (4.2) only the term with the gradient pressure remains, and if dp/dn = const from Eq. (4.3), then:
sðfÞ À sð0Þ ¼ f dp dn : ð4:12Þ
It is clear that if dp/dn = 0, then b = 0. For Eqs. (3.2), (3.3) at an equilibrium turbulent regime, when the Prandtl formula is applicable, the following equations are valid P k ¼ qe k ; P e ¼ qðD e þ EÞ:
In this case the source term in the equation for K equals zero. For the transition regime this condition can be broken. The computations shown in Section 6 demonstrate that b can often be neglected.
Solution procedure
To determine the flow and heat transfer characteristics of the turbulence boundary layer, a numerical method has been developed. It is based on an implicit finite-difference scheme, which ensures fourth order accuracy along the coordinate normal to the surface [19] . The grid is non-uniform in both the directions. The grid in the normal direction (f-direction) follows a geometric progression having the constant ratio of any two adjacent steps (Fig. 1) . In this case the grid is defined by only two parameters: first space step and the ratio of two consecutive steps. The number of nodes across the boundary layer varies from 40 to 60 with the growth of thickness. 50 nodes were used in the longitudinal direction. The location of the interface boundary is specified a priori. It should be chosen reasonably. If the interface boundary is too close to the wall, then the effect from the domain decomposition vanishes. In turn, if the interface boundary is too far from the wall, then too many iterations can be needed for the convergence between the subregions.
A marching integration method is used along n with iterations between subregions with respect to F 1 . The first space step of the mesh in the normal direction f is selected in such a way that the first inner node is situated in the viscosity sublayer at the maximum Reynolds number Re n in the fully developed turbulent flow region. The mesh in the normal direction is fixed for the total boundary layer. The computational mesh is chosen to be adaptive to the development of the boundary layer. First, the boundary layer problem is resolved in X 1 and the coefficient F 1 is calculated on the basis of the solution found. After that the problem with near-wall interface condition (4.3) is resolved in X 2 . The iterations are carried out until a convergence.
The near-wall interface condition (4.3) is nonlinear. It can be realized via an iterative procedure. The application of condition (4.3) is implemented for the case of K-e model (3.2), (3.3), (3.4) . From either an initial approximation or previous iteration we know all the distributions of u, K and e, h. In the computations presented here, the inlet profiles of the longitudinal velocity component u 0 and kinetic turbulent energy K 0 in the initial cross-section n = n 0 are specified on the basis of their approximate experimental data [22] . The initial profile of e 0 can be specified on the basis of the profiles of K 0 , Prandtl mixing length L and e e0 . The initial profile of enthalpy h 0 can be found from the Crocco integral, and values of the total enthalpy H 0 , enthalpy h w0 are obtained from the same data. Using the inlet distributions each equation of the system is linearized to carry out internal iterations.
Then, each equation is resolved separately one by one in iterations between them. The continuity equation is satisfied by introducing the stream function f. While solving the equation for u, the coefficient l t is defined by formula (3.5) at the first iteration. Then, formula (3.4) is used at the rest iterations for subregions X 1 and X 2 .
In equation (3.2) for K the coefficient l t is defined in the same manner, as well as the source term e k . The relation of e k from the K-L model can be used only at the first iteration.
Eq. (3.3) for e is resolved similar to Eq. (3.2). If in X the turbulent viscosity l t is defined by LR model, then the coefficient F 1 is calculated accurately enough. It should be noted that coefficient F 1 can also be calculated approximately without iterations for example by formula (4.8), (4.9) for l t . The use of (4.9) in the calculation procedure of F 1 was suggested in [23] .
Two turbulence models are used separately with an appropriate formula for the turbulent viscosity. The PrandtlKolmogorov formula of the turbulent viscosity (3.5) for the one-parametric model is used to resolve the equations in the entire domain X. Similarly, another Prandtl-Kolmogorov formula (3.4) is used for the two-parametric model.
Convergence up to e = 10
À2 for the derivative of u with respect to f was required. The number of local iterations was less 15 for each equation of the system, while a few external iterations between subregions were needed. The total reduction of time was reduced approximately by half in comparison to the conventional approach. It is to be noted that the total computational time can be further significantly decreased via some trade-off with the accuracy if the iterations between the subregions are frozen.
Computational results
In order to analyze the validity of the interface boundary conditions for a wide range of free-stream parameters, we numerically solve the steady-state problem of the flow and heat transfer in the transition and turbulent regions of boundary layer with zero-pressure gradient. As the basic data for calculating the characteristics of the dynamic and thermal boundary layers the experimental data [22] were chosen. In the numerical calculations, Re 1 = 0.2835 Â 10
length of the flat plate), the value of Tu 1 varied within the range of 3-9%. For a subsonic low-velocity weakly-compressible flow with moderate velocity V 1 = 5.6 m/s (M 1 = 0.0164) and highintensity turbulence two variants of the boundary condition at the wall for the heat transfer equation were used: i w = const, q w = const, where i w ¼ T w < T 0 , and T w and T 0 are the wall and stagnation temperatures, respectively. This corresponds to the conditions of a cold or weakly heated wall.
In the calculations, the effect of the free-stream turbulence intensity Tu 1 on the location of the transition (endpoint) determined in terms of the critical Reynolds number Re h,⁄ was prescribed in accordance with the experimental data [21, 22] .
The computational results for the profiles of the longitudinal component of velocity and turbulence intensity calculated in the transition and turbulent regions of a boundary layer are presented below. The results were obtained for two variants of the boundary conditions for the velocity: Dirichlet condition at the wall and Robin boundary condition (4.3) at the interface boundary in the flow. In the former case, the velocity was set to zero at the wall and the LR model was used in the entire region. In Figs. 2a, 2c, and 2e, the computation results are given together for these variants of boundary conditions (of Dirichlet and Robin types). The location of the interface boundary point varies. Here, J ⁄ corresponds to the interface point, the function F 1 is defined numerically.
Number J ⁄ is set as a parameter. It was varied in the range of J ⁄ = 10-30 according to the position of the interface boundary.
For the approximate calculation of F 1 with the use of Eq. (4.10) for A, the computational results are given by curve 2 on Figs. 2b, 2d, and 2f. Only in Fig. 2f the curve 2 is above data 5, at the first two cross-sections (n = const) in Fig. 2d, Fig. 2f these results are similar.
The computational results presented by curves 4 on Figs. 2b, 2d, and 2f are situated near data 5. In Fig. 2f the curve 4 demonstrates a satisfactory agreement with the experimental data in the outer region.
For the flow over a flat plate the coefficient b is small enough. The most distinction for the numerical solutions occurs in the transition region (on longitudinal coordinate n 0 = n/L D , where L D is the length of the plate). With the growth of the local Reynolds number (close to the region of the fully developed turbulent regime) this distinction becomes not essential (Figs. 3a  and 3b) .
For the developed turbulent boundary layer the comparison of the computational curves u + (2 and 4), corresponding to the accurate and approximately defined coefficients F 1 , demonstrates a satisfactory agreement in the near-wall region apart from a small region. It should be noted that the experimental data here correspond to smaller free-stream Reynolds numbers. In the region closer to the fully developed turbulent zone at n 0 = 0.55 in the viscosity sublayer, the numerical solution for Q þ u (f 0 ) in Fig. 4c is also below the experimental data, however the correspondence in the values of the maximum and slope of the curve is better. In the logarithmic and outer regions, the distinction between these functions is almost constant. At the beginning of the fully developed turbulence region (at n 0 = 0.6) the agreement becomes much better. In the near-wall region the same characteristic profiles of the turbulence intensity in the form of Q þ s (f + ) are provided. ) was calculated with the use of the one-and two-parametric models. Some computation results based on the K-L-model are presented in Fig. 6a, Fig. 6b , and their main properties are defined there. The distributions of skin friction coefficient C f are reproduced as the function of Re n = u e n/V e for two variants of the boundary conditions similar to the previous calculations. In Fig. 6a the coefficient b is considered constant for u and defined as a variable by the formula from [23] for Eq. (3.2) .
In the same figure we also present the empirical distributions for the laminar C f = 0.664/(Re n ) 0.5 and turbulent In Fig. 6b the results based on the Robin type condition are presented. The coefficient b was defined by the formula (4.4) from [23] for Eqs. (2.1) and (3.2) . A replacement of a constant coefficient b by a variable function visibly improves the agreement between distributions 5 and 6 in Fig. 6b . Most progress in the approach is observed for the developed turbulent flow regime rather than the transition. The values of C f decrease and become closer to curve 5. In the fully developed turbulent flow region with the growth of Re n distribution 6 converges to curve 5 and empirical distribution 2.
In Fig. 6c the distributions of skin friction coefficient C f (Re n ) are given for K-e-model and two computation variants of boundary conditions. The distributions of C f with the use of Dirichlet condition (curve 5) and Robin type condition (6, 7) are compared against the experimental data for Tu 1 = 4.86 and 6.0 and empirical distributions for the laminar and turbulent regimes. In Fig. 6c the coefficient b has been considered as b u , b k , b e = 10 À3 for u, K, e, respectively, (curve 7) and defined as variable by the formula (4.4) from [23] for Eqs. (2.1), (3.2), (3.3) .
An approximate definition of the coefficient b shifts the distribution of C f (the curve 7) in relation to curve 5 to the righthand side in the transitional region. In the developed turbulent flow region the values of C f increase exceeding the values of curve 5 and empirical distribution 2. In general, the definition of coefficient b by the formula (4.4) from [23] significantly improves the agreement between the curves 5 and 6. With the growth of Re n in the developed turbulent flow region, distribution 6 becomes closer to curve 5 remaining between the curves 5 and 2.
In addition, more accurate definition of b for all equations reduces dependence of the skin friction coefficient from coefficient F 1 . This property permits to use an approximate prediction of F 1 in practical computations.
Conclusion
It has been shown that the domain decomposition based on the implementation of interface boundary conditions can be realized in a wide range of the Reynolds numbers including laminar-turbulent transition. The computational domain can be split into two subdomains: the inner (near-wall) region and outer region. The solution in the inner area can be replaced by Robin boundary conditions set at the interface boundary. The interface boundary conditions prove to be uniformly applicable to a wide range of the input parameters and locations of the interface boundary. For the first time, the approach has been extended to modeling flat-plate boundary layers undergoing laminar-to-turbulent bypass transition. Iterations between the inner and outer subregions have been realized until a convergence. It has been shown that the technique allows us to significantly reduce the total computational time.
The effect of near-wall boundary conditions on the characteristics of the transition and fully developed turbulent flow in a boundary layer has been studied. A possible range of the location of the interface boundary has been found via comparison of the computational results for the velocity and intensity of the turbulence kinetic energy against experimental data.
